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Abstract. We construct Hodge filtered cohomology groups for complex man- 
ifolds that combine the topological information of generalized cohomology the- 
ories with geometric data of Hodge filtered holomorphic forms. This theory 
provides a natural generalization of Deligne cohomology. For smooth complex 
algebraic varieties, we show that the theory satisfies a projective bundle for- 
mula and A^-homotopy invariance. Moreover, we obtain transfer maps along 
projective morphisms. 



1. Introduction 

For a complex manifold, Deligne cohomology is an elegant way to combine the 
topological information of integral cohomology with the geometric data of holomor- 
phic forms. For a given p, the Deligne cohomology group {X; Z(p)) of a complex 
manifold X is defined to be the nth hypercohomology of the Deligne complex Z-p (p) 

^ z > Ox ii3f —>...—> 

of sheaves over X, where fi^ denotes the sheaf of holomorphic A:-forms. 

Deligne cohomology is an important tool for many fundamental questions in al- 
gebraic, arithmetic and complex geometry. Let us just highlight one of the algebraic 
geometric applications of Deligne cohomology. Let X be a smooth projective com- 
plex variety. The associated complex manifold is an example of a compact Kahler 
manifold. Let CH^X be the Chow group of codimension p algebraic cycles modulo 
rational equivalence. There is the classical cycle map 

c\h ■■ CHPX H^P{X;Z) 

from Chow groups to the integral cohomology of the associated complex manifold 
of X. This map sends a smooth irreducible subvariety Z C X of codimension p in 
X to the Poincare dual of the fundamental class of Z. The so defined cohomology 
class of Z is an integral Hodge class, i.e. lies in the group 

Hdg^P(X) H^P{X; Z) n HP-p{X; C) 

of the Hodge decomposition. 

Now Deligne cohomology groups enter the picture. Deligne showed that for every 
given p the group H^{X; Z(p)) sits in a short exact sequence 

(1) ^ J^P-^X) ^ H^^iX; Zip)) ^ Rdg'PiX) ^ 
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where the group on the left hand side is the pih intermediate Jacobian of X. More- 
over, Dehgne constructed a cycle map 

Together with the short exact sequence ([Ij this provided an algebraic definition of 
the classical Abel-Jacobi homomorphism from cycles homologically equivalent to 
zero, i.e. those which are mapped to zero under cIh, to the intermediate Jacobian 
J^P^^(X) (see (H). So Deligne groups play an important role in the study of the 
cycle map, the Abel-Jacobi map and, in particular, the Grifhths group of smooth 
projective complex varieties, i.e. the quotient group of cycles homologically equiv- 
alent to zero modulo a potentially weaker relation, called algebraic equivalence. 

More recently Totaro showed that the Grifhths group of a complex variety can be 
analyzed using the purely topological information of its complex cobordism groups. 
In [30] he proved that the map c\h factors through a cycle map 

chiu ■■ CHPX MU^P{X) ®MU' Z 

for any smooth projective complex variety X] in fact, Totaro showed a more gen- 
eral result for any complex variety in terms of the corresponding bordism quotient 
groups. Since the canonical map 6 : MU'^p{X) (S^mu* Q ^ H^p{X; Q) is an isomor- 
phism after tensoring with Q, this factorization is a torsion phenomenon. But in 
general, the kernel of 6 can be nontrivial. Generalizing work of Atiyah and Hirze- 
bruch, Totaro constructed via a beautiful computation elements in the kernel of 9 
which are given by Chern classes of suitable representations of a finite group and 
lie in the image of c\mu ■ Thereby he found new examples of nontrivial elements in 
the Griffiths group of Godeaux-Serre varieties. In |25j, the second author extended 
Totaro's idea for the cycle map to varieties over algebraically closed fields of positive 
characteristic. 

Now given that Deligne cohomology and complex cobordism are useful tools for 
the understanding of the cycle map and also for the Abel-Jacobi map, the ques- 
tion arises wether it is possible to combine these two approaches. Thereby asking 
wether it is possible to combine the geometric information of differential forms on 
a complex manifold with the topological information of complex cobordism groups 
which carry richer data than cohomology groups. The purpose of this paper is to 
give a positive answer to this question by constructing a natural generalization of 
Deligne cohomology via complex cobordism and to set the stage for its applications, 
in particular with a view towards a new Abel-Jacobi map. 

The idea for the construction is similar to the one for generalized differential 
cohomology theories in [T^. Let X be a complex manifold. Another way to look at 
Deligne cohomology is to use the fact that the complex Zx)(p) is quasi-isomorphic 
to the homotopy puUback of the diagram of sheaves of complexes 

Z 



where fix denotes the complex of holomorphic forms on X and fi^^ denotes the 
subcomplex of forms of degree at least p. We would like to replace the complex 
Z which contributes the singular cohomology of X with a spectrum representing 
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a more general cohomology theory. In particular, we would like to use the Thorn 
spectrum MU of complex bordism. 

In order to make this work, we have to throw the latter chain complexes and MU 
in a common category. We do this by adding a simplicial direction and considering 
simplicial sets rather than chain complexes. Moreover, in order to have a good 
homotopy theory for complex manifolds as part of the team we consider presheaves 
of spectra on the site of complex manifolds with open coverings. In order to illus- 
trate the basic pattern for the construction, we will start in the next section with 
a reformulation of Deligne cohomology in terms of simplicial presheaves before we 
move on to the generalizations. 

The technical details for the general case are a bit more involved. In particular, to 
obtain a nice Eilenberg-MacLane spectrum functor from presheaves of differential 
graded algebras to presheaves of symmetric spectra which preserves the product 
structure requires more machinery on the pitch than you would like. The con- 
struction is based on the idea of Brown in f3| to use sheaves of spectra to define 
generalized sheaf cohomology. 

Once our roster is complete, we can construct for every integer p and any sym- 
metric spectrum E such that iTjE ® <C vanishes if j is odd, a new presheaf of 
symmetric spectra Ex>{p) as a suitable homotopy puUback and define the Hodge 
filtered complex bordism groups E^{p){X) of X as the homotopy groups of Ej){p). 

Given a map of symmetric spectra E HZ from E to the integral Eilenberg- 
MacLane spectrum, we obtain a natural homomorphism 

(2) EUp){X) ^ HUX;Z{p)) 

between Hodge filtered i?-cohomlogy and Deligne cohomology groups of any com- 
plex manifold X. For E ~ MU, we will show that Hodge filtered complex bordism 
has a multiplicative structure and that map ([2]) respects the ring structures on both 
sides. 

One motivation for this project is the result that for a compact complex Kahler 
manifold X the diagonal Hodge filtered cohomology groups E'^{p){X) sit in an 
exact sequence 

(3) ^ Jl^-'iX) -> ElP{p){X) ^ Hdgf (X) ^ 0. 

The group on the right is the subset of elements in E'^p{X) that map to Hodge 
classes in cohomology. The left hand group is an analogue of the intermediate 
Jacobian and carries the structure of a complex torus. Moreover, a map E HI 
induces a natural map of short exact sequences from ([T|) to ([3]). 

We have written the first five sections of this paper in a way that applies to 
complex manifolds. In the final section we specialize to the case of smooth algebraic 
varieties and modify our construction in order to take mixed Hodge structures into 
account. Following Deligne and Beilinson, we replace the sheaves of holomorphic 
forms occurring in the definition of Eu (p) with the sheaves of holomorphic forms 
having logarithmic singularities to form Eiog{p). These "logarithmic" generalized 
cohomology groups are finitely generated if the groups i?»(pt) are, and are A^- 
invariant. 

In the case that E is the topological Thom spectrum MU, we obtain a pro- 
jective bundle formula and transfer maps for projective morphisms. This transfer 
structure provides a new cycle map that associates to a smooth irreducible sub- 
variety Z of codimension p of a smooth projective complex variety X an element 
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in MU^{p){X). This also induces a generalized Abel-Jacobi homomorphism on 
smooth cycles that map to zero in Hdg^5^(X), a subgroup of the cycles homologi- 
cally equivalent to zero. More generally, for every smooth quasi-projective complex 
variety X, we obtain a natural homomorphism from algebraic cobordism of Levine 
and Morel [50] to Hodge filtered complex bordism 

n*{X)^MU,%{*){X). 

The sequence ([3]) indicates that there are a lot of torsion elements in MU'^^g{p){X) 
that are not seen by MU'^^ {X) . Recalling that Totaro's factorization is only inter- 
esting in the presence of torsion elements this makes us optimistic that the Hodge 
filtered complex bordism can reveal new phenomena for the classical cycle map and 
the Abel-Jacobi-homomorphism. The study of the properties of the new cycle map 
is an ongoing project of the authors. 

The authors wish to thank Clark Barwick, Marc Levine, and Burt Totaro for 
many helpful conversations. 

2. DeLIGNE COHOMOLOGY IN TERMS OF SIMPLICIAL PRESHEAVES 

We would like to modify the definition of Deligne cohomology groups in a way 
that allows a generalization. The new theory should fit in an exact sequence similar 
to ^ for the role of singular cohomology is replaced by a generalized cohomology 
theory. 

The starting observation is that we can consider the Deligne complex (p) also 
as a homotopy pullback of complexes. Up to quasi-isomorphism 'Lx>{p) fits into the 
honiotopy pullback square of complexes 

(4) Zv{v) 



^ n\ 

where denotes the full complex of holomorphic differential forms and Vl*^^ is 
the truncated subcomplex of Q,*^ of forms of degree at least p. The right hand 
vertical map in ^ is given by (27ri)P times the canonical inclusion Z ^ C. Taking 
the homotopy pullback along the lower horizontal map corresponds to cutting the 
complex Z — at degree p. 

Now we would like to substitute the sheaf of chain complexes Z by a different 
player. In order to set the stage for this replacement we consider diagram ([4]) in 
the world of simplicial presheaves on complex manifolds. 

2.1. Simplicial presheaves. Let Mane be the category of complex manifolds. 
We consider it as a site with the Grothendieck topology defined by open coverings, 
or equivalently local homeomorphisms which are holomorphic maps. 

Let Pre be the category of presheaves of sets on the site Mane. We denote 
by sPre the category of simplicial objects in Pre, or equivalently the category 
of presheaves of simplicial sets on Manp. Sending an object U of Mane to the 
presheaf it represents defines a fully faithful embedding Mane ^ Pre. Since 
any presheaf defines an object in sPre of simplicial dimension zero, we can also 
embed Mane into sPre. On the other hand every simplicial set defines a simplicial 
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presheaf. For example, the simplicial circle = A[1]/9A[1] can be considered as 
a simplicial presheaf by sending any connected object U to 5^. 

Let f : X —i' y he a. morphism of simplicial presheaves. Then / is called 

• a (local) weak equivalence if it induces stalkwise a weak equivalence of 
simplicial sets at every point of Mane; 

• an injective cofibration if it induces a monomorphism of simplicial sets 
X{U) -)■ y{U) for every object U of Mane; 

• a global fibration if it has the right lifting property with respect to any 
injective cofibration which is also a weak equivalence. 

These classes of morphisms define a closed proper cellular simplicial model struc- 
ture on sPre (see [171 Theorem 2.3]). We denote its homotopy category by hosPre. 

There are several other different interesting model structures on sPre. In the 
local projective model structure the weak equivalences are again the local, i.e. 
stalkwise, weak equivalences. A morphism f : X ^ y oi simplicial presheaves is 
called 

• a projective cofibration if it has the left lifting property with respect to 
maps which induce a trivial cofibration of simplicial sets X{U) y{U) for 
every object U ; 

• a local projective fibration if it has the right lifting property with respect 
to every projective cofibration which is also a local weak equivalence. 

The classes of local weak equivalences, projective cofibrations and local projective 
fibrations provide sPre with the structure of a proper cellular simplicial model 
category (see [2] and [?])• The following fact shows that both model structures on 
sPre play a nice one-two with each other. 

Theorem 2.1. ([2], [7], [8]) The identity functor is a left Quillen equivalence from 
the local projective model structure to the local injective model structure on sPre. 

An interesting feature of the local projective structure is that one can detect its 
fibrant objects by a nice criterion (see and [8]). Let M be a complex manifold 
and let U, ^ M a hypercover of M. A simplicial presheaf X is said to satisfy 
descent for the hypercover C/, M if the natural map 

X{M) -> holimA:'(C/„) 

n 

is a weak equivalence of simplicial sets. A simplicial presheaf X is fibrant in the 
local projective model structure if it X{M) is a Kan complex for every object M 
of Mane and if it satisfies descent for all hypercovers. We will make use of this 
criterion when we show that the singular functor is a fibrant replacement in sPre. 

Finally, there is a third class of fibrations given by a local condition that is in 
fact easier to check and therefore convenient for applications. A map / of simplicial 
presheaves is called a local fibration (resp. local trivial fibration) if the map of stalks 
fx is a Kan fibration (resp. Kan fibration and weak equivalence) of simplicial sets 
for every point x of Mane. A simplicial presheaf X is called locally fibrant if the 
unique map from X to the final object is a local fibration. 

For locally fibrant simplicial presheaves X and y, let Tr{X, y) be the quotient 
of HomsPre('^, 3^) with respect to the smallest equivalence relation generated by 
simplicial homotopies. The set tt{X, y) is called the set of simplicial homotopy 
classes of morphisms from X to y. For a simplicial presheaf X, denote by irTriv/X 
the category whose objects are the trivial local fibrations to X and whose morphisms 
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are simplicial homotopy classes of morphisms which fit in the obvious commutative 
triangle over X. A crucial fact about the category uTriv is that it approximates 
the homotopy category hosPre in the following sense. 

Proposition 2.2. ([3", Proof of Theorem 2], [2T1 Proposition 2.1.13] and [TTl, p. 

55]) For any simplicial presheaves X and y with y locally fibrant, the canonical 
map 

colim tt{X', y) ^ HomhosPre(^, y) 

p:X'~iX£7TTriv/X 

is a bijection. 

We would like to be able to recover in hosPre homotopy classes of maps between 
topological spaces. But the full embedding that sends an object of Mane to the 
presheaf in simplicial dimension zero that it represents is very rigid. For we have 
an isomorphism 

HomManc(-^, F) = HomhosPre (-^, Y) , 

i.e. the functor Mane ^ hosPre is still a full embedding. The simplicial direction 
is crucial and there are at least two ways to use it. The first one is the singular 
functor of Suslin and Voevodsky [29 in the topological context. 
Let A" be the standard topological n-simplex 

A" = {{to, tn) e |0 < tj <l,J2 ^0 - !}• 

For topological spaces Y and Z, the singular function complex Sing^(Z, y) is the 
simplicial set whose rt-simplices are continuous maps 

/ : Z X A" ^ y. 

We denote the simplicial presheaf 

U^Sing,{Z,Y) =: Singly (Z) 

by Singly. Note that Singly is a simplicial presheaf on our site. The singular 
simplicial set of a topological space Y is denoted by S{Y) G sS. The geometric 
realization of a simplicial set K is denoted by \K\. 

For topological spaces Y and Z , we denote by Y^ the topological space of con- 
tinuous maps Z ^ Y with the compact-open topology. Then the adjunction of 
taking products and mapping spaces yields a canonical isomorphism of simplicial 
sets 

Singjz,y) -5(y^). 

Lemma 2.3. Let Y be a CW -complex. The simplicial presheaf Sing^Y is a fibrant 
object in the local projective model structure on sPre. 

Proof. Since the singular complex of any topological space is a Kan complex, 
Singly is objectwise fibrant. By [8, Corollary 7.1], it remains to show that Singly 
satisfies descent for all hypercovers. So let X be a complex manifold and U, X 
an open hypercover. By [9l Theorem 1.3], the induced map hocolim„ J7„ — > X 
is a weak equivalence. Since Y is fibrant and S preserves weak equivalences, the 
induced map 

Singly (X) Sing,y(hocolimC/„) = holim Singly (C/„) 

n n 

is a weak equivalence too. Hence Singly satisfies descent for any open hypercover 
and is fibrant. □ 
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Proposition 2.4. Let K be a simplicial set. The natural map 
is a weak equivalence of simplicial presheaves. 

Proof. The stalks of the simphcial presheaf K are all canonically isomorphic to 
K itself. In order to compute the stalks of Sing, |i^|, a: be a point in a complex 
manifold X and let Dg be a small open disk of radius e containing x. Then we have 
a canonical map 

colimHom(A', \K\°') Hom(A', \K\). 

Since X is a manifold and hence locally contractiblc, the left hand side is isomorphic 
to the stalk (Sing, |i4r|)j; at x. The right hand side is just the singular complex of 
the topological space \K\. Hence we have a map 

{SmgjK\),^S{\K\). 

This map is a weak equivalence. This implies that the map K (Sing, 

is a weak equivalence. Hence K Sing, |iir| is a weak equivalence of simplicial 

presheaves. □ 

Lemma [2.31 and Proposition 12.41 show that Sing, |i4r| is a fibrant replacement of 
K in the local projective model structure on sPre. 

Lemma 2.5. The functor Sing, : sS sPre, K Sing,!,?^!, sends weak equiva- 
lences in sS to local weak equivalences. 

Proof. This follows immediately from the calculation of stalks in the proof of Propo- 
sition El □ 



Proposition 2.6. Let X be a complex manifold and K be a simplicial set. There 
is a natural bisection 

HomhosPre(-'i^, Sing, I if I) = HomhoXop (-'^j \K\). 

Proof. There are different ways to see this. One would be to apply Verdier's hy- 
percovering theorem, which is possible since Sing,|i4r| is stalkwise fibrant. Another 
way is to use the freedom to pick one of the various underlying model structures 
for the homotopy category of sPre. In the local projective model structure, X is a 
cofibrant object, since it is representable. By Lemma [^751 Sing,|i4r| is fibrant in the 
local projective structure. Then we get the following sequence of natural bijections 

HomhosPre(^,Sing,|X|) ^ ^o(Sing,|if|(X)) = ^o(5(|if|^) = HomhoTop(^, \K\). 

□ 

As a consequence of Propositions 12.41 and 12. 6[ we obtain the following result 
about maps in the homotopy category to a simplicial presheaf given by a simplicial 
set. 

Corollary 2.7. Let X be a complex manifold and K be a simplicial set. There is 
a natural bisection 

Yiomi,osTre{.X , K) = HomhoTop(^, \K\). 
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For given n and an abelian group A, let K{A, n) be an Eilenberg-MacLane 
space in sS. For a topological space X, we denote by H^ngi^; A) the nth singular 
cohomology with coefficients in ^. It is isomorphic to the group of maps X — 
\K{A,n)\ in the homotopy category hoTop. From [14, Corollary D.13], we can 
read off the homotopy groups of the global sections of Sing JK{A, n)\. 

Lemma 2.8. For any complex manifold X , the ith homotopy group of the simplicial 
set Smg^\K {A, n)\{X) is given by a natural isomorphism 

7r,{SmgjK{A,n)\{X)) = H2^^{X;A). 

Moreover, Corollary 12 . 71 shows that K{A,n) represents singular cohomology for 
complex manifolds also in hosPre. 

Proposition 2.9. For an abelian group A and a complex manifold X , there is a 
natural isomorphism 

HomhosPre(^, \K{A,n)\) ^ H2^^{X;A). 

Proof. By Propositions 12.41 and 12.61 the set HomhosPre(-'^, -^(^, ^t-)) is in bijection 
with HomhoTop(X, \KiA,n)\) ^ H^^^^{X-A). □ 

Remark 2.10. For an abelian group A, we also denote by A the constant presheaf 
with value A. We denote the image of the complex with a single nontrivial sheaf 
A placed in degree n under the Dold-Kan correspondence by K{A,n). This is just 
the constant simplicial presheaf with value the simplicial Eilenberg-MacLane space 
K[A,n). 

2.2. Hypercohomology. For a chain complex of presheaves of abelian groups C* 
on Mane, we denote by by Hi{C*) the presheaf U i-^ Hi{C^{U)). For a cochain 
complex C* we will denote by C» its associated chain complex given by C„ :— C^". 
For any given n, we denote by C* [n] the cochain complex given in degree q by 

Applying the normalized chain complex functor pointwise we obtain a functor 
Q M- N{Q) from simplicial sheaves of abelian groups to chain complexes of sheaves of 
abelian groups. Then we have Tri{Q) ^ Hi{N{Q)). Moreover, the functor has a right 
adjoint T again obtained by applying the corresponding functor for chain complexes 
pointwise. The following result is the analog of the Dold-Kan correspondence for 
simplicial sheaves. 

Proposition 2.11. ([3] and [211 Proposition 2.1.24]) The pair (iV, F) is a pair 
of mutually inverse equivalences between the category of complexes of sheaves of 
abelian groups with Ci ~ for z < and the category of simplicial sheaves of 
abelian groups. 

Let 7^ be a sheaf of abelian groups. We denote the image of the complex with 
a single nontrivial sheaf J-" placed in degree n under the Dold-Kan correspondence 
by K{T, n). We denote the sheaf cohomology of X with coefficients in the sheaf J- 
hyH^{X;T). 

If C* is a cochain complex of sheaves of abelian groups on T, the hypercohomol- 
ogy ]HI*(C/, C*) of an object U of Mane with coefficients in C* is the graded group 
of morphisms IIom(Zf7, C*) in the derived category of cochain complexes of sheaves 
on Mane. 
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The following result is a version of Verdier's hypercovering theorem due to Ken 
Brown in [3l Theorem 2]. We refer the reader also to [21] Proposition 2.1.25] and 
[TO] for more details. 

Proposition 2.12. ([3', Theorem 2]) Let C* be a cochain complex of sheaves of 
abelian groups on Mane • Then for any integer n and any object U of Mane one 
has a canonical isomorphism 

H"(f/;C*) - HomhosPre(C/,r(C*[n])). 

In particular, if — J- is a sheaf of abelian groups, we have 

H^{U;T) = HomhosPre((7,if(.F,n)). 

2.3. Deligne cohomology in terms of simplicial presheaves. For p > 0, let 

if (Z, n) — > K{'C, n) be a map of simplicial sets whose cohomology class corresponds 
to the (27ri)''-multiple of the canonical inclusion Z C C, under the isomorphism 

Homhoss(if (Z, n), K{C, n)) = Hom(Z, C). 

This induces a morphism of simplicial presheaves 

K{E,n) ^ K{C,n). 

As mentioned in Remark 12.101 the constant simplicial presheaf K{C, n) is the image 
of the Dold-Kan correspondence of the complex C given by the constant presheaf 
C in degree n. The canonical inclusion into the complex of sheaves f2*[n] of holo- 
morphic forms induces a map of simplicial presheaves 

K{C,n) ^ T{n*[n]). 

Combining these maps we obtain a morphism of simplicial presheaves 

K{Z,n) T{n*[n]). 

We define K{'Z,n){p) to be the homotopy puUback of the diagram of simplicial 
presheaves 

(5) K{Z,n){p) ^K{Z,n) 

T{n*^P[n]) s-r(17*[n]). 

For a simplicial presheaf X, we call the abelian groups 

HomhosPre('^, if (Z, 

the Hodge filtered K{Z, n)-cohoniology groups of X. 

Proposition 2.13. Let X be a complex manifold. The Hodge filtered KCZ.n)- 
cohomology groups of X agree with Deligne cohomology groups of X , i.e. for every 
n and p > 0, the map induced by the adjointness property of the Dold-Kan corre- 
spondence induces an isomorphism 

HomhosPre(^,if(Z,n)(p)) = H^iX;Z{p)). 

This result follows from the fact that the Dold-Kan correspondence induces a 
map of long exact sequences in which we know that all the maps but the one in 
question are isomorphisms. We will discuss this in a more general context in the 
next section (see Proposition 14.51 below) . 
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3. Stable homotopy theory for complex manifolds 

3.1. Presheaves of symmetric spectra. Although most of the theory can be 
formulated in terms of simphcial presheaves, we need a more general setting in 
order to obtain a product structure in the next section. Therefore, we consider 
presheaves of symmetric spectra. 

Let T be a Grothendieck site whose underlying category is small. Let sPre* 
be the category of pointed simplicial presheaves on T. A symmetric sequence in 
sPre* is a sequence of pointed simplicial presheaves Xq, Xi^ . . . with an action by 
the nth symmetric group S]„ on For two symmetric sequences X and y, the 
tensor product X (x) y is defined as the symmetric sequence given in degree n by 

p+q=n 

Let 5'"' denote the n-fold smash product of the simplicial circle 

= AVaA[i] 

with itself. Considering S*" as a constant simplicial presheaf, we obtain a symmetric 
sequence (5°, S^,S^, . . .) where E„ acts on 5" by permutation of the factors. We 
denote this symmetric space by S. 

A presheaf of symmetric spectra £ is given by a sequence of pointed presheaves 
£n with an action S„ for n > together with S^-equivariant maps f\£n £n+i 
such that the composite 

SP A £n ^ A £n+l ^ . . . ^ £n+p 

is Sp X S„-equivariant for all n,p > 0. A map £ J- oi presheaves of symmetric 
spectra is a collection of I]„-equivariant maps — )■ J-n compatible with the struc- 
ture maps of £ and J-. Hence we could say that a presheaf of symmetric spectra 
is a symmetric spectrum object in the category sPre^,,. This justifies denoting the 
category of presheaves of symmetric spectra on T by 

Sp^(sPre,)(T) ^ Sp^(sPre,). 

Another way to think of a presheaf of symmetric spectra £ is that f is a sym- 
metric space together with the structure of an §-module given by a map 

TO : §(g)£: -> f. 

The important advantage of symmetric spectra compared to, say, presheaves of 
Bousfield-Friedlander spectra is that Sp^(sPre^) has a monoidal structure defined 
as follows. For two presheaves of symmetric spectra £ and J-, the smash product 
£ A T is defined as the coequalizer 

£ (g>S(g>T ^ £ (giT ^ £ (g)sT =: £ AT. 

The two maps in the diagram are given by the module structure of J- and the 
twisted module structure map of £ 

£ ®S ^S®£ ^ £. 

Example 3.1. As for symmetric spectra in l5i, we have the following basic ex- 
amples of presheaves of spectra. 

(a) Let Sp^ be the category of symmetric spectra of simplicial sets defined in 
[l5] . Every symmetric spectrum E e Sp^ defines a presheaf of symmetric spectra 
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given by the constant presheaf with value E. In particular, the sequence of constant 
simplicial presheaves (5*°, S^,S^, . . .) with the obvious structure maps also defines a 
presheaf of symmetric spectra which we also denote by S and call it the symmetric 
sphere spectrum. 

(b) For a pointed simplicial presheaf X, we denote by I]°°X the presheaf of 
symmetric spectra given by the sequence of pointed simplicial presheaves A X 
with the natural isomorphisms A S"^ A X S"^^ A X and the diagonal action of 
S„ on S"^ AX coming from the left permutation action on S*" and the trivial action 
on X. 

(c) In particular, if X an object of T, we can associate to X a presheaf of 
symmetric spectra Y.'^{X), where X denotes the simplicial presheaf represented by 
X and the +-subscript means that we add a disjoint basepoint. 

(d) Furthermore, if f is a presheaf of symmetric spectra and n an integer, then 
we denote by S]"f the nth suspension of £ whose fcth space is £k+n- 

(e) Let X and y be presheaves of symmetric spectra. There is a function spec- 
trum T-LomsiX, y) in Sp^(sPre,) defined as the limit of the diagram in Sp^(sPre,) 

llora^{X,y) ^ Homs(S(K) ^-,3^) 

where the two arrows given by m* and respectively for the §-module structure 
map S ® X X . The endofunctor 'Hom^{y, — ) of Sp^(sPre») is right adjoint to 
the functor — A 3^. 

The category Sp^(sPre*) has a stable model structure defined in two steps. 
We equip sPre* either with the local injective or with the local projective model 
structure. In either case we obtain the following intermediate structure. 

Definition 3.2. A map f : £ ^ F m Sp^(sPre,) is called a projective weak 
equivalence (respectively fibration) if each fn '■ £n ^ J^n is a weak equivalence 
(respectively fibration) in sPre*. A map is called a projective cofibration if it 
has the left lifting property with respect to all maps that are projective weak 
equivalences and projective fibrations. 

For either the local injective or the local projective model structure on sPre*, 
the following result is a consequence of Hovey's general result [TBI Theorems 8.2 
and 8.3]. 

Proposition 3.3. The classes of projective weak equivalence, projective fibrations 
and projective cofibrations define a proper cellular model structure on Sp^(sPre,) 
such that Sp^(sPre*) is a Sp^ -model category. 

Definition 3.4. ( |16i Definition 8.7]) Define the set S of maps in Sp^(sPre*) to 
be 

{F^+i{C A S') ^ FnC} 
as C runs through the domains and codomains of the generating cofibrations of 
sPre*, and n > 0, where the map (n is adjoint to the map 

C A 51 ^ Ev„+i^^„C = S„+i X (C A 5I) 

corresponding to the identity of S„+i. The stable local injective model structure 
(respectively stable local projective model structure) on Sp (sPre*) is defined to 
be the left Bousfield localization with respect to S of the strict local injective 
(respectively local projective) model structure. 
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Since both the local projective and local injective model structures are proper, 
simplicial and cellular whose generating cofibrations and trivial cofibrations have 
cofibrant domains and codomains, we can deduce the following consequence of [161 
Theorem 9.3], and Theorem 12. II 

Theorem 3.5. ([2], [7], [16], [18]) The identity functor on Sp^(sPre*) is a left 
Quillen equivalence from the stable local projective model structure to the stable 
local injective model structure. We denote the stable homotopy category obtained 
by localizing Sp^(sPre*) at the stable local equivalences by hoSp^(sPre*). 

Definition 3.6. (1) A presheaf of symmetric spectra £ G Sp^(sPre*) is called an 
0-spectrum if each is fibrant in sPre* and the adjoint structure maps £n ^n+i 
are weak equivalences in sPre* for all n > 0. 

(2) A map in Sp^(sPre*) is called an injective fibration if it has the right lifting 
property with respect to all maps that are level cofibrations and level weak equiv- 
alences. 

(3) A spectrum £ in Sp^(sPre*) is called an injective spectrum if the map £ * 
is an injective fibration. 

By [ini Theorem 8.8], the stably fibrant objects are the il-spectra. For two 
presheaves of symmetric spectra X and 3^, let MapgpS(gp^g^-)(A', 3^) denote the map- 
ping space which is part of the simplicial structure on Sp^(sPre*). The following 
lemma shows that the identity functor on Sp^(sPre*) is a Quillen equivalence from 
the stable local injective model structure to the stable model structure of [T8| . 

Lemma 3.7. Let f : X ^ y be a map in Sp^(sPre,t). Then the following condi- 
tions are equivalent: 

(1) f is a stable equivalence. 

(2) / induces a weak equivalence of Kan complexes 

Mapspi:(sPre.)(/,^) ■ MapgpE (^p^e, ) (3^, ^ ) "> Mapgpi:(^pre.) (A', f) 

for every injective fl-spectrum £ in Sp^(sPre*). 

(3) / induces a level equivalence 

■Homsif,£) : noms{y,£) noms{X,£) 
for every injective fl-spectrum £ in Sp^(sPre,). 

Proof. In order to prove the lemma we recall the injective model structure on 
Sp^(sPre,) of Ha Theorem 2]. A map in Sp^(sPre») is called an injective cofibra- 
tion (injective weak equivalence) if it is a levelwise cofibration (weak equivalence). 
The fibrant objects in the injective model structure are the injective il-spectra. 

The identity functor provides a Quillen equivalence between the injective and 
projective model structures on Sp^ (sPre^,). In particular, every injective fi-spectrum 
is a fibrant object in the projective model structure on Sp^(sPre*) and every pro- 
jective cofibrant object is also injective cofibrant. This has the following conse- 
quence. 

Let Qproj be a cofibrant replacement functor in the projective model structure. 
If / is a stable equivalence, then MapgpS(sPrg^')((5proj/, f ) is a weak equivalence of 
Kan complexes for every injective Jl-spectrum £. Since the maps X — >■ Qproj-^ and 
3^ — >■ Qprojy are level equivalences, we obtain that MapgpS(gpj.e,)(/, ^^) is a weak 
equivalence of Kan complexes for every injective fi-spectrum £. 
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Now let i?inj be a fibrant replacement functor in the injective model structure and 
assume that / induces a weak equivalence MapgpSjgpre.) (/, S) for every injective $7- 
spectrum £. This implies that MapgpE(gpre^)(Qproj/, -Rinj-^) is a weak equivalence 
for every fi-spectrum J-. Since the map J- — Rm^J- is a level equivalence, this 
shows that MapspS(sPre,) (Qpioj/7 -T-") is a weak equivalence for every i7-spectrum 
J^, i.e. that / is a stable equivalence. This proves that (1) and (2) are equivalent. 

The second and third conditions are equivalent, since 

Evfc?^om§(/,f) = Mapsp.(,pre.)(/,Homs(Ffc50,f)). 

□ 

Consider Sp^(sPre») with the stable local injective model structure. Let K be 
the class in Sp (sPre*) of all maps f A X, where / is a stable trivial cofibration 
and X is a presheaf of symmetric spectra. One can show exactly as in 15, §5.4], 
that that stable local injective model structure is monoidal and that each map 
in K-coi is a stable equivalence. This fact implies that the monoid axiom holds 
in Sp^(sPre,) and by [26l Theorem 4.1], we can deduce the following result on 
monoids in Sp^(sPre,). 

Theorem 3.8. The forgetful functor creates a model structure on the category of 
monoids in Sp^(sPre,) for which a morphism is a weak equivalence (fibration) 
if and only if the underlying map of presheaves of symmetric spectra is a stable 
equivalence (stable fibration). 

Remark 3.9. The functor Sp^ — >■ Sp^(sPreH.) sending a symmetric spectrum E 
to the constant presheaf of symmetric spectra with value E is a. strong symmetric 
monoidal left Quillen functor. In particular, a commutative S-algebra E in Sp^ 
is still a commutative S-algebra in Sp^(sPre») when we consider £^ as a constant 
presheaf. 

3.2. Eilenberg-MacLane spectra. In the remainder of this section, we start to 
explore Brown's idea i_3; to use sheaves of spectra to define generalized sheaf coho- 
mology. 

Let PreDGAc be the category of presheaves of differential graded C-algebras on 
T. By |2H], for every differential graded algebra A^, there is functorial construction 
of a symmetric Eilenberg-MacLane ring spectrum HA^ . (The reader may also want 
to consult [lOl §2.6] for a short summary on the construction of the functor H.) 
Pointwise application yields a functor 

H : PreDGAc Sp^(sPre,). 

By its construction, the functor H sends the constant presheaf C to the constant 
symmetric Eilenberg-MacLane spectrum HC Moreover, since the tensor product 
in PreDGAc and the smash product in Sp^(sPre:») are defined pointwise, the 
functor H is SL lax monoidal functor and its image lies in fact in the subcategory of 
monoids over HC, or in other words i/C-algebras in Sp^(sPreH.): 

H : PreDGAc HC - Alg. 

In particular, a morphism C* — >■ 2?* of presheaves of differential graded C-algebras 
induces a morphism of monoid s HC* HV* in Sp^(sPre,). 

Our applications in the following sections require graded versions of the complex 
of holomorphic forms, since different coefficient rings will be substituted in the 



14 



MICHAEL J. HOPKINS AND GEREON QUICK 



game. The correct choice of compatible gradings and fihrations is an important 
point. This wiU become apparent in the proof of the main resuh in Theorem 14. 131 
So we enlarge our roster by considering also cochains, cocycles and forms with 
values in an evenly graded complex vector space V. The main example will be 
V2* — Tr2*MU ® C. We will use the convention to grade cochains and forms with 
values in V in such a way that C*(X; Vj) has total degree {i — j). We will write 

C*(X;V2*r=0C"+2^(X;V2,), 
j 

and 

j 

For the presheaf of holomorphic forms we will write 

3 

For a given integer p, we will denote 

f^*-^(V2*) := 0r!*^f+-'"(V2j)[-2j]. 
3 

Note that by our grading convention, this defines in general a complex different 
from 51* (V2*) even for negative p. 
For hypercohomology groups we write 

m*{X;n*^P{V2*))" = 0H"+2J(X;17*^f+^(V2j)h2j]). 
3 

These gradings have corresponding counterparts on the level of Eilenberg-MacLane 
spectra. Let V2* be an evenly graded C-algebra and C* G PreDGAc. We denote 
by C*(V2*) the presheaf of complexes given in degree n by 

c*(V2*r -0c"+2j®v2j. 

3 

The image of C*(V2*) under H in Sp^(sPre*) has the form 
H{C*{V2.)) = \Jy?^H{C* <E> V2j). 

3 

In particular, if C*(V2*) is just the graded ring V2* considered as a chain complex 
concentrated in degree zero, then we have 

H{V2.)^\/^''HiV2j). 

3 

For example, let C* = fl* be the presheaf of holomorphic forms on Mane. The 
inclusion of cochain complexes C ^ fl* induces a map of presheaves of symmetric 
spectra 

HC Hfl*. 

Moreover, for the C-algebra V2*, there is a canonical map of presheaves of symmetric 
spectra 

H(y2*)^Hin*{V2.)). 
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Proposition 3.10. Let X be an object of T, C* € PreDGAc and let V2* be 

an evenly graded commutative <C-algebra. Then we have a natural isomorphism of 
graded commutative rings 

0HomhoSp-(,Pre.)(S-(X),E"F(C*(V2.))) - 0H(X;C*(V2*))". 

n n 

In particular, for X e Mane, there are natural isomorphisms of graded commuta- 
tive rings 

0HomhoSpB(sPre.)(S+(^),S"i/(l)*(V2.))) -0i/(X;V2*)" and 

n n 

HomhoSpB(sPre.)(S?=(X), I]"iJ(l]*^''(V2.))) = H(X; n*^^{V2.)r. 

n n 

Proof. Let iJnomo : Ch^ Sp^ be the non-monoidal Eilenberg-MacLane spectrum 
functor that sends a chain complex C to a symmetric spectrum which represents 
cohomology with coefficients in C. By |27', Proposition 5.f], the canonical map 
H-aomoC — >■ HC is an equivalence of underlying symmetric spectra. Hence, for 
every object f/ G T, the canonical map 

-ffnomo(C*(V2,))((7) ^ (C* ( V2, ) ) (C/) 

is an equivalence of symmetric spectra. By abuse of notation, we denote the point- 
wise application of i?nomo again by iJnomo. Then the induced map of presheaves of 
symmetric spectra 

(6) ffnomo(C*(V2,)) ^i?(C*(V2*)) 

is a stable equivalence in Sp^(sPre*). Though the Eilenberg-MacLane spectrum 
-ffnomo(C*(V2*)) is uot a mouoid in Sp^(sPre»), it is a ring in the stable homotopy 
category of presheaves of spectra. Moreover, equivalence (jG]) induces an isomor- 
phism of rings in the stable homotopy category of presheaves of spectra between 
-ffnomo(C*(V2*)) and iJ(C*(V2*)). Hence it suffices to show that 

Homi,,sp.(,pre,)(S"S-(X),iJ„o.„o(C*(V2,))) = H"(X; C* (V2O) 
is an isomorphism. 

Since is left Quillen adjoint to the evaluation functor at the 0th space, it 
suffices to show that we have a natural isomorphism 

HomhosPre.(S"(^+),r(C*(V2,))) = H"-^^" (X; C* ( V2, )) . 

But, using our grading conventions, this is the content of Proposition 12 . 1 2l □ 

3.3. The singular functor for symmetric spectra. In this subsection wc work 
again on the site T = Mane. Our goal now is to show that a constant prcshcaf 
of symmetric spectra E represents i?-cohomology also in hoSp^(sPre*). There are 
different ways t show this. We use the singular functor as our favorite tool, provides 
a third kind of examples of objects in Sp^(sPre*). 

Let SpTop be the category of symmetric spectra of topological spaces. Let X be a 
complex manifold and F € Sp^op- The levelwise defined spectrum of functions 
from X to is again a symmetric spectrum of topological spaces. Applying the 
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singular simplicial set functor levelwise yields then a symmetric spectrum of simpli- 
cial sets S{F^) given in degree n by S{F^). We denote the object in Sp^(sPre*), 
defined by the functor 

by Sing^F. Moreover, for E e Sp^ let \E\ be the geometric realization of E in 
Sprp^p. Then Sing^ also defines a functor 

Sing, : Sp^ ^ Sp^(sPre,), E ^ SmgjE\. 

Proposition 3.11. Let E g Sp^ be a symmetric spectrum. We also denote by E 
the constant presheaf with value E. The natural map 

E Singj£;| 

is a levelwise equivalence and hence a stable equivalence in Sp^(sPre*). 

Proof. By Proposition 12.41 each map En — Sing,|i?„| = (Sing,|i?|)„ is a weak 
equivalence in sPre*. Hence — Sing,|i?| is a levelwise equivalence in Sp^(sPre*). 

□ 

Lemma 3.12. For any spectrum E G Sp^, the presheaf of symmetric spectra 
Sing, I i? I is fibrant in the stable local projective model structure on Sp^(sPre,). 

Proof. By Lemma [2T3l each space Sing, is fibrant in the local projective model 
structure on sPre,. Moreover, for any complex manifold X, the induced map 

5(|£;„|^) ^ smEn+il)'') = n{s{\En+i\'')) 

is again a weak equivalence of simplicial sets. Hence Sing,|i?|„ flSmg^\E\n+i is 
a weak equivalence in sPre, . □ 

Proposition 3.13. Let E be a symmetric spectrum and let X be a complex mani- 
fold. There is a natural isomorphism 

Hom„,sp.(,pre.)(S^'(X),Singj£;|) - Hom„,sp.^^(E^(X), |£;|). 

Proof. By Lemma l3.12i Sing,|i?| is fibrant in the stable local projective model 
structure on Sp (sPre,). Since Y,^{X) is cofibrant, there is a sequence of natural 
bijections 

HomhoSp..(,Pre.)(S?'(X),Singj£;|) = 7ro(5(|i?|^)) - Rom^.sp-J^+iX), \E\). 

□ 

Propositions l3.111 and l3.13l show that the constant presheaf of symmetric given by 
a symmetric spectrum E represents i?-cohomology for manifolds also in hoSp^ (sPre,). 

Corollary 3.14. Let E be a symmetric spectrum and let X be a complex manifold. 
There is a natural isomorphism 

Homh,sp-(,Pre.)(S-(X),£;) = HomhoSp?„ (S+ (^), 
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4. Hodge filtered cohomology groups 

4.1. The definition. In this section we work on the site T — Mane of complex 
manifolds with the analytic topology. 

Definition 4.1. A rationally even spectrum is a symmetric spectrum E with the 
property that TTjS Q = if j is odd. 

Let E e Sp^ be a rationally even spectrum such that -KjE ^<C vanishes if j is 
odd. Let 

L■.E^E^H£ 
be a map in Sp^ which induces for every n the map 

defined by multiplication by {2m)'^ on homotopy groups. 

Let p be an integer. Multiplication by (27ri)^ on homotopy groups determines a 
map 

E^EAHC. 

Let 

EAHC^ H{'K2*E (g) C) 
be a map in Sp^ that induces the isomorphism 

'K2*{E ^HC)^'K2*E®C. 
\.et 

(7) t'^ ■.E^H{-K2*E®C) 

be the composition considered as a map in Sp^(sPre*). 
Composition with the canonical map 

H{-K2*E (g) C) ^> H{Q.*{-K2*E (g) Q) 

yields a map of presheaves of symmetric spectra on Mane 

(8) E^H{n*{-K2*E®C)). 

Given an integer p, we define the presheaf of symmetric spectra Eti{p) to be the 
homotopy pullback in Sp^(sPre,) of the diagram 

(9) Et, {p) ^ E 



H{n*^P{n2*E (g) C)) ^ H{n*{TT2*E (g) C)). 

Definition 4.2. Let n and p be integers, A" be a presheaf of symmetric spectra 
on Mane, and E he a rationally even spectrum. The Hodge filtered E-cohomology 
groups El^{p){X) are defined as 

EI{JP){X) := HomhoSp-(sPre.)('^'S"^^2'(P))- 
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Remark 4.3. It follows from the definition of Ev{p) and the splitting of ordinary 
cohomology theories that rationally Hodge filtered complex cohomology splits in 
the same way into a sum of rational Deligne cohomology groups as rational E- 
cohomology splits into a sum of ordinary cohomology. More precisely, the definitions 
are chosen such that there is an isomorphism 

(10) {E A HQYi{p)X - Q(p + j)) Tr^.i?. 

Remark 4.4. For p = 0, the Deligne complex Z-p(O) is canonically isomorphic to 
Z and the cohomology groups H^{X; Z(0)) are isomorphic to integral cohomology 
_ff"(X;Z). But for generalized Hodge filtered E'-cohomology, it is in general not 
true that we recover ordinary i?-cohomology groups ii p = 0. The bottom row in 
the diagram 

(11) Ev{0) ^E 

H{n*^°{T:2*MU (8) C)) >- H{n*{'K2*E (g, C)) 

is not an equivalence. By definition of 

H{n*^°{n2,EiE)C)) ^\jY?'H{n*^^{-K2jE®<C)) 
j 

the step of the Hodge filtration that we divide out depends on the grading of 
'K2*E ® C. In particular, the top row in diagram pTj) defining Ex>{Q) is not an 
equivalence. 

4.2. Functoriality and Mayer- Vietoris sequence. Let f : X ^ y he a. map of 

presheaves of symmetric spectra f : X ^ y . Then it follows from definition that 
there is an induced puUback map 

r : EUp){y) ^ El{p){X). 

In particular, li p : lA ^ X \s a hypercovering of a complex manifold X, then p 
induces an isomorphism 

(12) p* : EUp){X) ^ EUpW). 

Furthermore, it is a general fact that when Z is the homotopy puUback of a 
diagram in Sp^(sPre*) 

U 

V ^ W, 

there is an induced long exact sequence 

... ^ [x,mA] © [x,9.v] [x,w^] [x,z] [XM] © [xy] [x,w]. 

Since E{p) is defined as the homotopy puUback of (j!]), the Hodge filtered cohomol- 
ogy groups sit in a long exact sequence. For a complex manifold this sequence has 
the following form. 
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Proposition 4.5. For any complex manifold X , Hodge filtered E-cohomology groups 
sit in a long exact sequence 

...^ H*{X;TT2*E(g)C)"-^ EJ^{p){X) 
^ E-^iX) ®W{X-n*^P{T:2*E ®<C)Y H*{X-TT2*E®CY ^ ... 

Proof. By the above fact, it suffices to determine tlie groups in the long exact 
sequence resulting from the definition of Ex>{p) as the homotopy pullback of 
This can be done using Proposition 13. 131 for and using Proposition 13. 101 for 

the hypercohomology groups. □ 

Remark 4.6. If X is a compact complex Kahler manfiold, then the hypercohomol- 
ogy group of il*-'P{'K2*E ® C) in the long exact sequence of Proposition 14.51 detects 
the Hodge filtration, i.e. there is an isomorphism 

W{X;n*^P{n2*E®C)T = 0FP+^i/"+'^(X;^2j£^®C) =: FP+* H* {X-n2..E®CT . 

J 

But for an arbitrary complex manifold X, the hypercohomology of Vt*~'P{-K2*E ^C) 
is a much less well-behaved group. We will see below how this defect can be fixed 
for smooth complex algebraic varieties. 

For a cofibration of presheaves of symmetric spectra i : 3^ — >■ A", for example the 
map induced by a monomorphism of simplicial presheaves, let X /y be the quotient 
in Sp^(sPre*). We define relative Hodge filtered E'-cohomology groups to be 

(13) El{p){X,y) :=HomhoSpB(,pre.)(W,S"i?p(p)). 
Just as in the topology, one proves the following result. 
Proposition 4.7. These relative groups sit in a long exact sequence 

(14) . . . ^ Ei-\p){x, y) ^ Ei{p){x) ^ Ei{p){y) ^ Ei{p){x, y)^... 

induced by the cofiber sequence y ^ X ^ y /X . 

Moreover, there is a Mayer- Vietoris type long exact sequence for Hodge filtered 
cohomology groups. 

Proposition 4.8. Let X be a complex manifold and U and V be two open subman- 
ifolds such that U UV = X. Then there is a long exact Mayer- Vietoris sequence 

. . . ^ eUp){x) ^ EUpm © eUp){v) ^ eUp){u nv)^ El+\p){X) ^ . . . 

Proof. The long exact sequence is induced by applying the functor 

HomhoSp-(sPre.)(S?=(-), Ev{j>)) 

to the pushout diagram 

c/nv" 



V ^x 

of simplicial presheaves corresponding to the covering oi X hy U and V . 



□ 
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Finally, let g : E ^ F he a, morphism of rationally even spectra and : F ^ 
H{t:2*F®C) be a map with the properties described at the beginning of the previous 
section (for r^). The pullback of along g defines a map g*T^ : E — > H{tt2*E(E}C) 
and / induces a commutative diagram of presheaves of symmetric spectra 

E ^F 

H{tt2*E ® C) ^ H{t:2*F ® C) 



H{Vl*{'K2*E®C)) 



H{n*{TT2*F®£)). 



Together with the induced map on filtered forms we obtain a commutative diagram 
(15) E *- H{n*{Tr2.,E (g) C)) H {W^p {'K2*E ® C)) 



F ^ H{n*{TT2,F (g) C)) ^ H{n*^P{TT2*F ® C)). 

This diagram induces a map of homotopy pullbacks 

g{p) : Ev{p) -> Ft,{p) 
and hence map of Hodge filtered cohomology groups 

gv{p) : EUp){X) ^ Fi{p){X) 
for every presheaf of symmetric spectra X. 

Proposition 4.9. Let g : E ^ F be a stable equivalence of spectra and let : 
F — i> H('K2*F (g) C) be a map with the properties described above. Then the map 

g{p) : Ev{p) Ft,{p) 

is a stable equivalence in Sp^(sPre*). In particular, the induced homomorphism 

gvip) : El^{p){X) ^ FJ^{p)iX) 

is an isomorphism for every X e Sp'^(sPre,). 

Proof. Since g is a homotopy equivalence, the vertical maps of diagram (jlSp are 
pointwise equivalences and hence stable equivalences in Sp^(sPre*). Hence the 
induced map of homotopy pullbacks is a stable equivalence as well. □ 

Remark 4.10. The definition of Hodge filtered _E-cohomology groups involves the 
choice of a map 

-.EAHC^ H{'K2*E ® C). 

By our assumption on E, the space of such choices is simply connected. This implies 
that the Hodge filtered £'-cohomology groups of Definition 14.21 are independent of 
this choice, and a map g : E ^ F oi rationally even spectra induces a well defined 
map from Hodge filtered i?-cohomology groups to Hodge filtered F cohomology 
groups. 
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4.3. The fundamental short exact sequence for compact Kahler mani- 
folds. From now on we assume that X is a eompaet eomplex Kahler manifold. Let 
p be an integer and let i5 be a rationally even spectrum. We will show that the 
group E^{p)X fits into a short exact sequence that is a natural generalization of 
the short exact sequence for Deligne cohomology ([J). The argument is analogous 
to the case of Deligne cohomology for which we refer to [ST, §12]. 

Therefore, we split the long exact sequence of Proposition 15.31 into a short ex- 
act sequence. For a compact Kahler manifold X, the Hodge filtration yields an 
isomorphism 

n*^P+^{TT2jE C)) ^ i^P+iiJ-"+2i(X; n2jE C). 

There is an analogue of the intermediate Jacobian defined which we will denote by 
j'^~^{X). It arises as the cokernel of the map 

(16) E^P-^X e FP+*H*{X; Ti2*E ® Cf^-^ ^ H*{X- tt2*E ® <CfP'^ 
where we use the notation 

FP+*H*{X; TT2*E ® CfP-^ := F'P+^ H^p-^+^^X; n2jE ® C). 

For every j, the Hodge filtration yields a decomposition as a direct sum 

H^P-^+^^{X;Tr2jE(g)C) ^ FP+^ H^p-^+^^X; T:2jE®C)®FP+i mP-^+'^i {X; ■K2jE ® C) 

where the bar denotes the image under complex conjugation. 
Since this is a direct sum decomposition, the intersection 

FP+*H*{X-TT2*E(^CfP-^ f^H*{X■,^T2*E®^fP-^ = {0} 

is trivial. Considering FP+*H*{X-ti2*E ® CfP~^ as a subspace of E^p-^{X) ® C 
we see that the map 

E^P-^{X)®'&^ E^P~\X)(g)C/FP+*H*{X;Tr2*E®CfP-^ 

is an isomorphism of M- vector spaces. Therefore, the lattice 

E^P-\X) C E^P-\X)®R 

is a lattice in the C-vector space 

E^P-\X) ® <C/FP+*H*{X-TT2*E ® CfP-^. 

Definition 4.11. We define the pth generalized Jacobian of X to be the complex 
torus 

jf^\X) := E^P-\X) (g) C/{FP+*H*{X; tt2,E ® <CfP~^ ® E'^P'^{X)). 

Remark 4.12. Thepth generalized Jacobian oiX is isomorphic to E'^p^^{X)®M./'L 
where the latter group inherits its complex structure from a complex structure on 
M/Z. In particular, j'^^~^[X) is a homotopy invariant of X. 

To complete the picture, let Hdg^(X) be the subgroup of E'^p{X) that is given 
as the puUback 

(17) Hdg^P(X) E^P{X) 



0^. FP+^'F«+2j(X; t:2jE ® C) ^ H*{X- n2,E ® C)^?. 
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The group Hdg^(X) is determined by the Hodge structure on the cohomology of 
the Kahler manifold X. The Hodge decomposition of the lower right corner of (fT7|) 
yields a splitting as a direct sum 

H*{X;tt2*E(^C)^p = H''\X;C)®TT2jE 

j>0 \s+t=2{p+]) 

By Hodge symmetry, we see that Hdg^(X) is the subgroup of E'^p{X) consisting 
of those elements whose images under the map 

E^P(X) ^01 H^'^iX; C) ® TT^jE 

3 \s+t=2(p+3) 

lie in the groups Hp+^'P+^{X- C) n2jE for j e Z. 

Summarizing we obtain the following theorem whose second assertion follows im- 
mediately from Theorem 12. 131 

Theorem 4.13. Letp be an integer, X be a compact complex Kahler manifold and 
let E be a rationally even spectrum. The Hodge filtered complex cohomology groups 
E'^{p){X) fit into the short exact sequence 

(18) ^ Jl'-'iX) ^ EiP{p){X) ^ Hdg^P(X) ^ 

where Hdg^(X) is the pullback defined by 

Moreover, if there is a map E — > HZ of symmetric spectra, we obtain an induced 
map of short exact sequences 

(19) Jf-\X) ElP{p)X HdgtX 



^ J^P-^X) ^ H^P{X; Z{p)) ^ Hdg2P(X; Z) ^ 

5. Hodge filtered complex bordism 

In this section we focus on the case of Hodge filtered complex cohomology groups 
defined via the Thom spectrum MU of complex bordism. Before we apply the 
construction let us have a closer look at the choice of the map 

MU H{ti2*MU ®C). 

Although any two choices give the same cohomology groups, we have to take a little 
more care in order to get a multiplicative structure. We explain this point only for 
the example oi MU and leave it to the reader to pick his favorite spectrum E and 
to do the necessary adjustments. 

For E = MU, the three corners of the diagram corresponding to (HJ that would 
define the Hodge filtered cobordism spectrum as a homotopy pullback all carry a 
natural product structure. These structures will induce a natural product structure 
on Hodge filtered cobordism groups, once we make sure that the maps are multi- 
plicative, i.e. preserve these product structures. By the construction of monoidal 
Eilcnberg-MacLane spectra, the map 

H{n*^P{TT2*MU(S>C)) H{n*{TT2*MU(E}C)) 
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induced by the canonical inclusion of complexes is a morphism of monoids in 
Sp^(sPre*). 

For the other map we make use of the fact that the rationalized spectrum MUq w 
HQ A MU is a free commutative algebra over HQ, and so the commutative S- 
algebra MU E to any rational commutative §-algebra E are in one to one 
correspondence with the ring homomorphisms n^MU — tt^E. The correspondence 
is the one associating to a map its effect on homotopy groups. We can therefore 
specify, up to a choice of point in a simply connected space, a map of commutative 
S'- algebras 

L : MU H{Tr^MU (E)C), 
by requiring that for every n the induced map 

7r2„t : ■n2nMU H{Tr.,MU ® C) = 7r2„MC/ (g) C 
is multiplication by (27ri)". We similarly obtain a map of commutative S-algebras 

t' := y {t')p : y MU \/ H{n^MU ® C) 

pGZ psz pel. 

in which 7r*(r')P = (27ri)P7r*t. Composing with the de Rham equivalence 

y H{n{Tr,MU ® C)) « Y H{Tr,MU C) 
pel. pel. 

gives a map 

^ := V • V ^ V H{n{7r,MU ® C)) 
psz pGZ pel 
of commutative §-algebras in presheaves of symmetric spectra, whose stalkwise effect 
on homotopy groups is 

TT^r^ = (27ri)^7r*i. 
We now define a presheaf of commutative S-algebras 

(20) y MUvip) 

pel. 

by the homotopy cartesian square 

(21) V ^'^^^^P) V 



y H{n*^P{nMU®£)) ^ y H{W{^,MU®C)) 

pel. 

and for every presheaf of symmetric spectra X , and p G Z the Hodge filtered complex 
bordism groups 

MUUp) HomhoSp-(,pre.)(A',I]"MC/x,(p)). 

This defines in particular, for every complex manifold X, Hodge filtered complex 
bordism groups MU^{p){X). Since ([20|) is a commutative §-algebra, we get the 
following multiplicative structure on Hodge filtered complex bordims groups of 
complex manifolds. 
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Theorem 5.1. For every complex manifold X, there is a multiplicative structure 
on Hodge filtered complex bordism groups 

MU^ip){X)^MU^{q){X) -> MU^+"^ip + q)iX) 

induced by the structure of a commutative Ei-algebra in Sp^(sPre*) on (|20p . The 
multiplication is graded in the sense that for a € MU^{p){X), l3 £ MU^{q){X) 
we have 

al3 ^ e MU^+'"ip + q)iX). 

Hence there is a structure as a graded commutative ring on 

MUU*){X) :-0M[/^(p)(X). 

Moreover, ifY X is a holomorphic map of complex manifolds, the induced map of 
simplicial presheaves X — > X/Y turns MU^{*){X) into an MU^{*){X,Y)-module. 

Proposition 5.2. For every complex manifold X and every n and p, the map of 

spectra MU HZ induces a map from Hodge filtered complex bordism to Deligne 
cohomology groups of X 

MU^{p){X) ^ HUX;Z{p)) 
which respects the products structures on both sides. 

Proof. This is a consequence of Theorem 12.131 and Theorem 15.11 □ 

Proposition 5.3. For every complex manifold X , Hodge filtered complex bordism 
groups sit in long exact sequence 

... ^ MC/"-i(X) ® C MUv{p)"{X) ^ 
MV{X) © W{X- W'^p{tt2*MU ® C))" MC/"(X) ® C ^ . . . . 

Proof. This foUows again from the definition of MUt){p) as the homotopy pullback 
in diagram (|2ip and the isomorphism 

MU'\X) ^C^ H*{X; ■K2*MU (g) C)". 

□ 

Example 5.4. The Hodge filtered cobordism groups of a point can be read off 
from the long exact sequence of Proposition [5731 We split sequence (|5.3p into 

coker(a) ^ MU^{p){pt) ker(/3) -> 

where a is the map 

a : MU""-^ © H*(pt; n*^P{TT2*MU ® C))"-^ ^ MU''-^ C 

and /3 is the map 

13 : MU"- ® H*(pt; n*^P{TT2*MU (g) C))" ^ MC/" (g> C. 

First let n = 2fc be even. In this case, the group MU"^^^^ ® C vanishes. Hence 
the cokernel of a is trivial and M?7^(p)(pt) is isomorphic to ker(/3). The groups 
M"+2J (pt; {Tr2jMU (g) C)) vanish if n + 2jV or if p + j > 0. Hence if p > 

or fc < p, we see that MU-^{p){pt) is isomorphic to the kernel of the inclusion 
]lfU2k ^ MU^'' C and hence vanishes. 
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lip < 0, then H*(pt; f}*^P(7r2*Mf/ C))^'^ is isomorphic to M[/2'= C for k>p 
and vanishes otherwise. Hence, for k> p, MU^{p){pt) is isomorphic to the kernel 
of the map 

MU'^'' © MU'^'' (g) C MU^'' (g) C 

and hence 

MUl^{p){pt) ^ MU'^^ 

for k > p. In particular, this implies that the group MU'^{p){\)t) vanishes for 
> 0. 

We remark that, for all p G Z, we have 

MU^{p){^i) ^ MU^P. 

For n = 2fc + 1 odd, the group ker(/3) is trivial, since the source of vanishes. 
So MU^~^^{p){pt) is isomorphic to the cokernel of a. For p > 0, using the identi- 
fications above, wc get for all fc e Z 

MU^^+\p){pt) = (MC/2'= ® C)/M[/2'= MU^'' ® C/Z. 

In particular, this implies that the group MU^^^{p){pt) vanishes for k > 0. 
For p <0 and k <p, we still get 

MU^''+\p){pt) ^ MU'^^ (g) C/Z. 

For p < and k > p, we have 

MU^^+\p){pt) ^ {MU'^'' O C)/{MU'^^ e MC/2fe ^ q = 0. 

6. Hodge filtered cohomology for complex algebraic varieties 

We now turn to the case of algebraic varieties and, as described in the intro- 
duction, introduce a variation of our construction which takes into account mixed 

Hodge stnicturcs. 

6.1. From the analytic to the Nisnevich topology. To transfer the theory of 
Hodge filtered cohomology to algebraic varieties, we have to discuss the relationship 
between the analytic site; and the algebraic site. We will use the term complex 
variety for a reduced scheme of finite type over C. Let Smc,Nis be the site of 
smooth complex algebraic varieties with the Nisnevich topology. 

For X e Smc.Nis, we denote by X^^ the associated complex manifold. Together 
with the analytic topology, X^.^ is an object in Mane. This defines a functor 

/-I : Smc ^ Mane, X ^ r\X) := X,^. 

Composition with /^^ induces a functor 

,U ■■ Sp^(sPre4Manc)) ^ Sp^(sPre, (Smc^Nis)) 

of the corresponding categories of presheaves of symmetric spectra. It is the right 
adjoint of a functor 

/* : Sp^(sPre*(Smc,Nis)) ^ Sp^(sPre,(Manc)). 

The pair of functors (/*, /*) forms a Quillen pair of adjoints between the model cat- 
egories of monoids in Sp^(sPre*(Smc.Nis)) and Sp^(sPre*(Manc)) respectively. 

We let i?/* be the right derived functor. It is given by the composition oR^^ 
of with a fibrant replacement functor i?an in the model structure of moonoids 



26 MICHAEL J. HOPKINS AND GEREON QUICK 

in Sp^(sPre*(Manc)). Since representable objects are cofibrant, the adjointness 
implies the following fact. 

Proposition 6.1. Let X be a smooth complex algebraic variety and let £ be a 
presheaf of symmetric spectra on the site Mane • Then there is a natural isomor- 
phism 

HoniijogpE(spre^(]V[anc))(^+ (^an), ) = HoiTlijogpE (gp^g^ (Smc,Nia)) (^+ ("'^) ' 

Example 6.2. In particular, if ESp^ is a symmetric spectrum, we have a natural 
isomorphism 

E"-{Xi,n) = HomijoSpS(sPre.(Smc,Ni=))(^+ (^)' ^"-^/*^)- 

6.2. Differential forms with logarithmic poles. For a smooth complex variety 
X, by Hironaka's theorem [13], there exists a smooth projective variety X over C 
with a closed embedding j : X ^ X such that D := X — X is a. normal crossing 
divisor which is the union of smooth divisors. Let r2y(D) be the locally free sub- 
module of j*i^x generated by fix and by ^ where Zi is a local equation for an 
irreducible local component of D. The sheaf fl^LlD) of meromorphic j3-forms on X 
with at most logarithmic poles along D is defined to be the locally free sub-sheaf 
flL-l^D) of j*fl^. The Hodge filtration F on the complex of sheaves fV^{D) is 
just the naive filtration 

The filtration on the complex of logarithmic forms allows one to define a Hodge 
filtration on the complex cohomology of X as 

(22) FPH"{X;C) Im (H"(X; 17^|=P(i:>)) m"(X;i}^{D))) = H"{X;C), 

It is a theorem of Deligne's that for smooth complex algebraic varieties, the Hodge 
filtration is actually detected by the filtration on the complex of logarithmic forms. 
More precisely, Deligne showed in [5l Corollaire 3.2.13] that the logarithmic Hodge 
spectral sequence degenerates at the i?i-level and that the map (|22|) is an isomor- 
phism 

(23) FPH"{X; C) ^ H"(X; n^P{D)), 
or in other words, the homomorphism 

H"(X; n^'^D)) ^ H"(X; n^{D)) 

of hypercohomology groups is injective. 

Following Beilinson [1] §1.6] we now show that the Hodge filtration FPH^{X, C) C 
-ff"(X, C) is represened by a map of symmetric spectra. More precisely, we con- 
struct a sequence of complexes of presheaves 

on Smc,Nis equipped with a weak equivalence 

colimiJAf^^ ~ i?/,iJC, 

and having the property that for all X G Smc, the map 

HomhoSpS(sPre.)(Smc,Ni=)(^+ ^"^^fog) ^ Hom^oSpS (gPre. )(Smc,Ni.) (^+ ^' ^'^Rf*HC) 
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induces an isomorphism 

Hom,,,sp.(,p,,.)(Smc,».)(S?=^,S"i?<g) ^ FPH^\X,C). 

We consider the category Smc whose objects are smooth compactifications, i.e. 
pairs X C X consisting of a smooth variety X embedded as an open subset of a 
projective variety X and having the property that X — X is a divisor with normal 
crossings. A map from XcXtoycKisa commutative diagram 

X ^X 

Y ^Y, 

and a coUection of maps {([/« C Ua)} — > (X C X) is a covering if the maps 
Ua ^ X form a Nisnevich covering. This defines a Grothendieck topology on Smc 
and we therefore have Quillen model categories sPre(Smc) of simplicial presheaves 
on Smc and Sp^(sPre,)(Smc) of presheaves of symmetric spectra. The forgetful 
functor 

u : Smc ^ Smc 

{X CX)^ X 

leads to Quillen pairs 

u* : sPre(Smc) ^ sPre(Smc) : u* 
u* : Sp^(sPre,)(Smc) ^ Sp^(sPre,)(Smc) : 
and hence adjoint derived functors 

Lu* : sPre(Smc) O sPre(Smc) : 
Lu* : Sp^(sPre»)(Smi;:) o Sp^(sPre*)(Smc) : 

The complexes rt^^{D) form a complex of presheaves n*-P{D) on Smc. Let 

be any resolution by cohomologically trivial sheaves which is functorial in X, and 
let 

Q*>P{D) ^ APiD) 

be the associated map of complexes of presheaves. For example, Ap{D) could be 
the Godemont resolution, or the logarithmic Dolbeault resolution (|221 §8]). The 
AP{D) are double complexes, though we will only consider their total complexes. 
The may be chosen in such a way as to fit into a commutative diagram 



" 1 - 

^p-i(D) ^AP{D) 
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Proposition 6.3. For every X C X , and every n > 0, the natural map 

is a bijection. Hence 

Hom,„gp.(,Pr^^)(^)(S-(X C X),j:"HAr'{D)) - FPH"{X;C). 

Proof. This follows, as in [4J §5], from the Verdier hypercovering theorem, and the 
Mayer- Vietoris sequence for the groups FPH"-(X,C). □ 

Finally we define HAf^^ to be Ru^HAp{D) e Sp^(sPre,)(Smc,Nis). By the 
definition of HAf^^ and the fact that representable objects are cofibrant. Proposition 
16.31 implies that we have a canonical bijection 

iiom^oS,-i.rr.,Ks^)i^+(X C X),J:-HAP{D)) ^ Hom,,sp.(,pre.)(s™,,,.,) (S^X, Af„J. 
This implies in particular that we obtain an induced isomorphism 

(24) HomhoSp-(sPre.)(Sme,...)(S?X,S"ffAf„g) ^ F''i/"(X,C). 

6.3. Generalized Deligne-Beilinson cohomology for smooth complex alge- 
braic varieties. Let A* — ^ A^''^ be the presheaf given by the Dolbeault (double) 
complex of smooth forms with comlex coefficients. For an evenly graded C-algebra 
V2*, let HA*iy2*) denote the presheaf of differential graded C-algebras 

HA*{V2*) = V Y?^HA*{V2j) = V S^^A* 0) V2j. 
3 3 

Moreover, let HAf^^*(y2*) be the presheaf of symmetric spectra 

HAl+;{V2.) ■.^\jY?^HA\:^{V2i), 
3 

where we denote 

H{A\:^\V2,) := Ru^H{AP+'{D) <S> V2,). 

By choosing the logarithmic Dolbeault complex of §8] as a resoultion of the 
complexes of Igarithmic forms for the construction of A^ (D) , we are equipped with 
a natural morphism of presheaves of symmetric spectra 

(25) H{Af+*{V2,)) ^ hH{A*{V2i)) ^ Rf.H{A*{V2,)). 
Let i? be a rationally even spectrum in Sp^. Let 

: E ^ H{-K2*E®C) 
be the map It induces a map 

Rf^E ^ Rf^H{T:2*E®C) 
in Sp^(sPre*(Smc,Nis))- Composition with the maps 

Rf*H{-K2*E®C) Rf,H{A*{7T2,E(g>C)) 
defines a map in Sp^(sPre*(Smc,Nis)) 

Rf,E Rf^H{A*{-K2*E ® C)). 
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We define the presheaf of symmetric spectra E\og{p) by the homotopy cartesian 
square 

(26) Eio^{p) ^ Rf,E 



H{AP+*{tt2*E ® C)) ^ Rf,H{A*{n2,E ® C)). 

Definition 6.4. For a presheaf of symmetric spectra X on Smc,Nis, we define the 
logarithmic Hodge filtered i?-cohomology groups to be 

EiosipTiX) := Homh,sp-(sPre.)('^'S"£^iog(p))- 

For a smooth complex algebraic variety X , we denote the £'-cohomology group 
£'"(Xan) of the associated complex manifold by E"{X). Moreover, we use the 
notation 

FP+*H*{X- TT2,E O" = FP+^H''+^HX- Ti2jE ® C) 

j 

for the sum of Hodge filtered cohomology groups. 

Proposition 6.5. Hodge filtered complex bordism groups sit in long exact sequences 

...^ H*{X;tt2*E®CY'^ ^^iog(p)"(X) 

E-^iX) ® FP+*H*{X; ■K2*E ® C)" ^ H*{X\ tt2*E ® C)" ^ . . . 

and 

E'^{X) ® FP+* H* {X;tt2*E ® ~¥ E'"{X)®C^ .... 

Proof. As before, this is a consequence of the definition of E\o^{p) as a homotopy 
pullback. The new ingredients are the identifications of i?-cohomology groups in 
Proposition 16.11 and of the Hodge filtered cohomology groups in (|24|) . □ 

Remark 6.6. If X is a smooth projective complex variety, the new Hodge filtered 
cohomology groups i?["g(p)(X) of Definition 16.41 are canonically isomorphic to the 
groups EJ^{p){Xa.n) of Definition 14.21 

6.4. A^-homotopy invariance. 

Theorem 6.7. Let E he a rationally even ring spectrum and let X be a smooth 
variety over C. The projection tt ; X x A"'^ — > X induces an isomorphism 

vr* : El^{p){X) ^ El^{p){X x A^). 

Proof. This can be deduced from the long exact sequence and the A^-invariance 
of the individual terms. The only non-trivial fact is the A^-invariance of the 
FPH*{-; C) which follows from [5l Theoreme 1.2.10]. □ 

Proposition 6.8. Let E be a rationally even ring spectrum. The functor X i— ^ 
on Smc,Nis satifies Nisnevich descent. 

Proof. It follows from the proof of (p4)) that the Hodge filtered cohomology sat- 
isfies Nisnevich descent, and it is well-known that i?-cohomology and de Rham 
cohomology satisfy Nisnevich descent too. Hence i?iog satisfies Nisnevich descent 
as well. □ 
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As a consequence of Thcorem l6.7l and Proposition l6.81 we get the following result. 

Corollary 6.9. Let E be a rationally even ring spectrum. The functor E^^^{*){—) 
induces a functor on the stable A^-homotopy category of smooth varieties over C. 

7. Generalized Deligne-Beilinson cobordism for complex algebraic 

varieties 

In this last section, we apply the refined methods for algebraic complex varieties 
to the case E — AIU. The advantage of the logarithmic theory MU\og is that it has 
several topological properties that would hold for MU-d only for compact manifolds. 
In particular, we will show that ALUiog satisfies a projective bundle formula and is 
equipped with transfer maps for projective morphisms. 

Recall our choice of a map 

\J MU y H{t:2*MU (g) C) 

of commutative §-algebras. We can consider this map as a map of presheaves of 
commutative S-algebras on Smc,Nis- Composition with the map 

H{Tr2*MU (g)C) ^ H{A*{7T2*MU (g)C)) 

and application of i?/, defines a map of presheaves of commutative S-algebras 

y Rf.MU y Rf^H{A*{-K2*MU ® C)). 

Moreover, since 112* MU (g) C is a C-algebra, we obtain a natural analogue of map 
(|25p as a morphism of presheaves of commutative S-algebras 

V H{Af+*{TT2,MU ® C)) ^ V Rf,H{A*{TT2,MU ^ C)). 

We define the presheaf of commutative S-algebras in Sp^(sPre*(Smc,Nis)) 

(27) V MC/iog(p) 

pez 

by the homotopy cartesian square 

(28) V MUioM V 



y H{AP+*{Tr2,MU®C)) ^ y Rf,H{A*{T,2.MU ®€)) 



pel 



Definition 7.1. For a presheaf of symmetric spectra X on Smc,Nis, we define the 
logarithmic Hodge filtered complex bordism groups to be 

MC/iog(p)"(A') := HomhoSp-(sPre.(Smc,»i.))('^,5]"MC/iog(p)). 



Moreover, since p7|) is a presheaf of commutative S-algebras, there is a multi- 
plicative structure on MU*^^[*). 
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Theorem 7.2. Let X be a smooth complex variety. There is a multiplication 

MUZ^{p){X) ® MU{:^{q){X) ^ MU-+"\p + q){X) 
which is graded in the sense that for a G MU{^^(ji){X), (3 e MU^„{q){X) we have 

This provides 

MU,l^{*){X) :=^MU,l^{p){X) 
with the structure of a graded- commutative ring. 

Remark 7.3. For a smooth complex variety X, the map MU — > HZ induces 
a homomorphism from logarithmic Hodge filtered cobordism to Deligne-Beilinson 
cohomology which is compatible with the product structures. 

7.1. Projective bundle formula. Let X be a smooth variety over C. We would 
like to define Chern classes 

c,(F)=cf^'-(T/)£M[/f„P(p)(X) 

for vector bundles V X oi rank r over X. These classes should only depend on 
the isomorphism class of i?, be functorial with respect to puUbacks and compatible 
with the Chern classes in the topological theory MC/^*(X), i.e. c^^^°'^(y) should 
be mapped to the topological Chern classes of V under the map 

MU^P^{p){X) ^ MU'P{X). 

To define Chern classes we follow the outline of Beilinson in [1, §1.7] for Deligne 
cohomology together with the general theory of classifying spaces in the homotopy 
category of simplicial presheaves on Smc,Nis in ^21] §4.1]. The following result is a 
consequence of [21] Proposition 4.1.15]. 

Proposition 7.4. Let X be a smooth complex variety. The set of isomorphism 
classes of vector bundles of rank r on X is in bisection with the set of maps in the 
homotopy category of simplicial presheaves from X to BGLr. The correspondence 
sends a map / : X — > BGLr to the isomorphism class of the bundle f* EGLr of the 
pullback of the universal bundle EGLr over BGLr- 

The second ingredient is the following fact that the Hodge filtered cobordism of 
the classifying space BGLr{C) is just given by complex cobordism. 

Lemma 7.5. For every p > 0, the homomorphism 

MUy^^{p){BGLr) MU^P{BGLr{C)) 

induced by the map of presheaves of symmetric spectra MUiog{p) — >■ MU is an 
isomorphism. 

Proof. This follows from Proposition 16.51 and the following two facts. On the one 
hand, the odd dimensional cohomology of BGLr{C) vanishes, i.e. 

H^p-i+-^J (^BGLriC); tt2jMU ® C) = 0. 

On the other hand, the even cohomology of BGLr{C) is generated by Chern classes 
which have pure weight {p,p) (see [6]). This implies 

P+2j'(SG'i^(C); n*^P+^{TT2jMU ® C)) ^ H^P+'^^ (BGLriC); TT2jMU (S> C). 



32 



MICHAEL J. HOPKINS AND GEREON QUICK 



Now one can read off the assertion from the first long exact sequence in Proposition 

EE □ 

Now let be a vector bundle of rank r over X. By Proposition 17.41 there is 
a unique map in the homotopy category of simplicial presheaves f : X ^ BGLj. 
corresponding to V over X. Hence we obtain a puUback map 

correspoding to V . The isomorphism of Lemma [7.51 and the Chern classes of the 
universal bundle over BGLr in complex cobordism provide Chern classes of the 
universal bundle in @^MUy^Jj>)[BGLr). The above puUback map then defines 
unique Chern classes Cp{V) G MU\og{pf''P {X) . This uniqueness implies that these 
Chern classes satisfy all the properties they satisfy in topological cobordism. More- 
over, there is a projective bundle formula. 

Theorem 7.6. Let X be a smooth complex variety and V a vector bundle of 
rank r over X with projective bundle ¥{V) X and tautological quotient line 
bundle C'\/(— 1). Let ^ ~ ci(Oy(— 1)) be the first Chern class of C'y(— 1) in 
MC/['^g(l)(P(y)). There are natural isomorphisms 

i=0 

which make MC/i*g(*)(P(y)) ®p^nMU{'^^{p){V{V)) into a free MC/i*g(*)(X)- 
module with basis 1,^,...,^''"^. 

Proof. This follows from Proposition 16.51 For each of the groups in the long exact 
sequence we have isomorphisms 

0<i<r-l 

H*(¥iV);V2*r= CHH*{X-V2.r-^\ 

0<i<r-l 

FP+*H*{P{Vy,V2*T ^ ^}jFP-'+*H*{X;V2*yP~'^\ 

0<i<r-l 

Since the choices of the bases elements are compatible and since the above long 
exact sequence is compatible with multiplication and direct sums, we deduce that 
each MC/iog(p)"(P(T/)) is a free Aff/^* (*)(X)-module with basis 1, ■ • • , T"^- □ 

Remark 7.7. The Cartan formula implies the Grothendieck formula 

E(-i)%(v^)eMX,=o 

p=0 

for Chern classes Cp{V) e MU^^^{p){X). 

Proposition 7.8. Chern classes in Hodge filtered complex cobordism are compatible 
with Chern classes in complex cobordism and in Deligne cohomology and they are 
functorial under pullbacks, i.e. for any morphism f : X ^ Y of smooth projective 
complex schemes, one has 

f*Cp{V)^Cp{f*V). 
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7.2. Transfer maps. Let / : F — > X be a projective niorphism between smooth 
quasi-projective complex varieties of relative dimension d. In this section we will 
define a transfer or pushforward map 

/. : MU:,^{*){Y) MU.l+^'i* + d){X). 

In order to construct , we apply the machinery developed by Panin in |23j and 
|24) . For the functor 

X ^ MC/*g(*)(X) := 0MC/i",g(p)(X) 

defines an oriented ring cohomology theory on the category of smooth quasi-projective 
complex varieties in the sense of "23, §2]. The existence of an exact localization se- 
quence follows as in Proposition 14.71 The excision property follows from the fact 
that MU^^{p){—) satisfies Nisnevich descent as shown in Proposition 16.81 The 
A^-invariance is the content of Theorem 16.71 This shows that the properties of a 
cohomology theory in the sense of [23l Definition 2.1] are satisfied. The fact that 
MC/j*g(*)(— ) is a ring cohomology theory follows from Theorem 17.21 Finally, the 
projective bundle formula of Theorem 17.61 yields a Chern structure and hence an 
orientation on MUiog- 

Then by }24[ Theorem 2.5] and [23( Theorem 3.35], given a projective morphism 
f : Y ^ X between smooth quasi-projective complex varieties of relative dimension 
d, there is a homomrphism 

U : A/c/,;,(*)(r) ^ MU,lf'\. + d)iX). 

The construction of /» is compatible with the Chern structure. In particular, for 
a smooth divisor 

i:D^X, 

the pushforward satisfies 
Let 

MUll{*){X) := Aft/,fg(p)(X) 
p 

be the sum of the diagonal Hodge filtered cobordism groups. The existence of the 
transfer structure implies the following result. 

Proposition 7.9. For every smooth quasi-projective complex scheme X, there is 
a natural ring homomorphism 

n*{x) ^ Mu?:^{*){x) 

from algebraic to Hodge filtered cobordism. 

Proof. By 24], the pushforward provides the functor X h- > AfC/j^* (*)(X) with the 
structure of an oriented Borel-Moore cohomology theory on the category of smooth 
quasi-projective complex varieties in the sense of 20j . Hence, by |20j . sending the 
class [Y X] oi a projective morphism / : F — > X of relative dimension d, with 
Y smooth and quasi-projective over C, to S MU^^^{d){X), defines a unique 

morphism of oriented Borel-Moore cohomolgy theories 

n*{x)^Mu,%{*)ix). 

□ 
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Remark 7.10. The construction of Chern classes and of the transfer map do not 
depend on the fact that we work with the Thorn spectrum MU. The required 
data would be a rationally even ring spectrum E G Sp^ representing an oriented 
cohomology theory, together with a choice of ring map 

E AHC^ H{t:2*E(1)C) 

as for the case of MU in ([27ll . 

Any such data yields an oriented cohomology theory E*^^{*) on Smc- It is 
equipped with transfer maps 

E:,^{.)iY)^E*+'^i. + d)iX) 

for any projective morphism Y X of relative dimension d between smooth quasi- 
projective varieties. Moreover, this transfer structure induces a natural map 

n*ix)^Eli{.)ix) 

for every X G Smc- 

The only reason why we worked out the example of i? = MU is that we showed 
that there exists a choice of multiplicative map 

MU AHC^ H{t:2*MU ® C) 

and that we are interested in applications based on complex coboridsm. But there 
are of course plenty of other interesting examples. 
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